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|Outline of Lectures
|

Class 1: Introduction & Inference

Class 2: Bounds & Variational Methods

Class 3: Search Methods
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Class 4: Monte Carlo Methods
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Graphical Models
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Variable Orderings

Learning from Data
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|Graphical Models
|

Describe structure and interdependence in a model of the world

Examples:
« Markov Random Fields: correlations

Map coloring & constraint satisfaction problems Semantic segmentation: fine-grain object recognition

Dechter & Ihler ESSAI 2024 4



|Graphical Models
|

Describe structure and interdependence in a model of the world

Examples:
 Markov Random Fields: correlations
« Bayesian Networks: conditional dependence

“‘Alarm” network: patient monitoring Pedigree network: genetic inheritance




|Graphical Models
|

Describe structure and interdependence in a model of the world

Examples:

« Markov Random Fields: correlations

« Bayesian Networks: conditional dependence

« Causal Networks: effect of intervention — what would happen if?
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|Graphical Models

Describe structure and interdependence in a model of the world

Examples:

« Markov Random Fields: correlations

« Bayesian Networks: conditional dependence

« Causal Networks: effect of intervention — what would happen if?
* Influence Diagrams: actions and rewards — what should we do if?

“Oil Wildcatter” Decision Network (Partially Observable) Markov Decision Process

(Planning, Reinforcement Learning)
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\ Bayesian networks

Use independence and conditional independence to simplify a joint probability

- Joint probability, p(X=x,Y=y,Z=2)
— The probability that event (x,y,z) happens.

- Conditional probability

— The chain rule of probability tells us
p(X=x,Y=y,Z=2) = p(X=x) p(Y=y | X=x) p(Z=z | X=x,Y=y)
(x,y,z all happen) (x happens) (y happens (z happens

given x happened) given x,y happened)

— Can use any order, e.g. (Z,X,Y):
p(X=x,Y=y,Z=2) = p(Z=2) p(X=x | Z=2z) p(Y=y | X=x,Z=2)

Dechter & Ihler ESSAI 2024



' Independence

I
* X, Yindependent:

— p(X=x,Y=y) = p(X=x) p(Y=y) forallx,y

— Shorthand: p(X,Y) = P(X) P(Y)

— Equivalent: p(X|Y)=p(X) or p(Y]|X)=p(Y) (if p(Y), p(X) > 0)
— Intuition: knowing X has no information about Y (or vice versa)

Independent probability distributions:

A B C P(ABC
e TEETE T Joint:

0(0|0 4% 7%
0 0.4 0 0.7 0 0.1

0(0|1 *T*
o5 | [1] o3 | [t os | I 41708

0/1/0 4*3*% 1

This reduces representation size! 0|11

1/0/(0

1/0/1

1/1]0

1111
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' Independence

I
* X, Yindependent:

— p(X=x,Y=y) = p(X=x) p(Y=y) forallx,y

— Shorthand: p(X,Y) = P(X) P(Y)

— Equivalent: p(X|Y)=p(X) or p(Y]|X)=p(Y) (if p(Y), p(X) > 0)
— Intuition: knowing X has no information about Y (or vice versa)

Independent probability distributions:

A B C P(ABC
MW o

0 0.4 0 0.7 0 0.1 0.028

0(0|1
o5 | [1] 03 | [1] oo | EEED 0.252
0(1]0 0.012
This reduces representation size! 0|11 0.108
1100 0.042
Note: it is hard to “read” independence 1lol1 0.378
from the”Jom,’f dlst.r|but|on. 1110 0018

We can “test” for it, however.

1111 0.162
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| Conditional Independence
|

* X, Yindependent given Z
— p(X=x,Y=y|Z=2) = p(X=x|Z=z2) p(Y=y|Z=2z) forall x,y,z
— Equivalent: p(X|Y,Z) = p(X|Z) or p(Y|X,Z)=p(Y|Z) (if all > 0)
— Intuition: X has no additional info about Y beyond Z’s

* Example

X = height p(height|reading, age) = p(height|age)
Y = reading ability p(reading|height, age) = p(reading|age)
/= age

Height and reading ability are dependent (not independent), but are
conditionally independent given age



| Conditional Independence
|

* X, Yindependent given Z
— p(X=x,Y=y|Z=2) = p(X=x|Z=2) p(Y=y|Z=z) for all x,y,z
— Equivalent: p(X|Y,Z) = p(X|Z) or p(Y|X,Z)=p(Y|Z)
— Intuition: X has no additional info about Y beyond Z’s

* Example: Dentist

(T 1L D | C)? Joint prob: Conditional prob:

Is T conditionally independent
of C given D? olo|o| 0576 0o/o|o| 090
Again, hard to “read” from the 0/0/1| 0.008 0]0)1 0.40
joint probabilities; only from 0/1/0] 0.144 0j1]0 0.50
the conditional probabilities. 0/1/1| 0.072 \—> 0|11 0.40
1/0/(0 0.064 1,00 0.10
Like independence, reduces 1/0/1| 0.012 1/0/]1 0.60
representation size! 1/1/0/| o0.016 1110 0.10
1/1/1| 0.108 1111 0.60
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| Bayesian networks
|

Directed graphical model
Nodes associated with variables

“Draw” independence in conditional probability expansion
— Parents in graph are the RHS of conditional

Exp(x,y,2) = p(x) ply | z) p(z|y)

C—=—E

o / Graph must be acyclic\
Exp(a, b, c,d) = la) p(cla,b) p(d]b)

: Corresponds to an order
over the variables
(chain rule) /

Dechter & Ihler ESSAI 2024 14




Example adapted from Peatrl

|Example
|

- Consider the following 5 binary variables:
—~ B =aburglary occurs at your house
—~ E =an earthquake occurs at your house
— A =the alarm goes off
—~ W = Watson calls to report the alarm
— H = Mrs. Hudson calls to report the alarm

— Whatis P(B | H=1, W=1) ? (for example)

— We can use the full joint distribution to answer this question
Requires 2° = 32 probabilities

Can we use prior domain knowledge to come up with a Bayesian
network that requires fewer probabilities?

Dechter & Ihler ESSAI 2024 15



| Constructing a Bayesian network
|

- Given p(W,H, A, E, B) = p(E) p(B) p(A|E, B) p(W|A) p(H|A)

- Define probabilities: 1 + 1 + 4
- Where do these come from?

— Expert knowledge; estimate from data; some combination

Earthqu@
‘ 0.002 \ \

+

2 + 2

‘ 0.001 \

B
olo| o0.001
0|1 o029
10| 0.4
0| 005 11| o095
1| 0.0
o| o001
1| 070

Dechter & Ihler ESSAI 2024

E P(A|E,B .
“CPT” = conditional

probablility table
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| Constructing a Bayesian network

I
- Joint distribution

® ®

\
Al

W)

Full joint distribution:
25 = 32 probabilities

Structured distribution:
specify 10 parameters

Dechter & Ihler

0/0[/0/0,0| .93674
0/0/0/0|1| .00133
0/0[/0/1]0| .00005
0/0[{0/1]1| .00000
0/0[1/0|0| .00003
0/0(1/0|1| .00002
0/0(1/1/0| .00003
0(0/1,11/| .00000
0/1/0/0|0| .04930
0,1/0/0,1 .00007
0/1/0/1/0| .00000
0O(1/0/1|1/| .00000
O(1/1/0|0(| .00027
O(1/1/0|1/| .00016
O(1/1/1/0/| .00025
Of1/1,1]1/| .00000

ESSAI 2024

1/0/0|/0| 0| .00946
1{0(0(0| 1| .00001
1/{0/0(1]0/| .00000
1/0(0(1/1| .00000
1{0(1/0| 0| .00007
1{0(1/0/1/| .00004
1/0(1/1,0/| .00007
1/{0(1(/1/1| .00000
1/{1/0(0|0| .00050
1{1/0/0|1| .00000
1{1/0(1/0/| .00000
1{1/0(1/1| .00000
1{1(1/0/0/| .00063
1{1(1/0|1| .00037
1{1(1/1,0/| .00059
1{1(1/1/1| .00000
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‘Alarm HEtWOrk [Beinlich et al., 1989]
|

The “alarm” network: 37 variables, 509 parameters (rather than 237 = 1011 1)

Dechter & Ihler ESSAI 2024
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|Some terminology
|

Parents & Children
— Parents pa(A) = {E,B}

,
— Children Ch(A)={W,H} h(A):{W,H}
w ) W @

Ancestors & Descendants

— Ancestors an(W) = {A,E,B} {A E B}
— Descendants de(E) = {A,W,H}
= {A,W,H}
Roots & Leaves .:.:.
Paths

— Directed paths, undirected paths

Dechter & Ihler ESSAI 2024 19



|Graphical models
|

Example:
A graphical model consists of: A€ {0,1}
X ={Xy,...,X,} --variables B e {0,1}
D ={D,,...,D,} --domains (we'llassume discrete) C € {0,1}

F ={fua,,...,fa, } - functions or “factors fap(A,B), fpc(B,0)

and a combination operator

The combination operator defines an overall function from the individual factors,
e.g., “*7: F(A,B,C) = fAB(A, B) . ch(B,C)

Notation:
Discrete X; : values called “states”
“Tuple” or “configuration”: states taken by a set of variables
“Scope” of f: set of variables that are arguments to a factor f
often index factors by their scope, e.g., fo(Xa), Xo CX

Dechter & Ihler ESSAI 2024 20



|Canonical forms
|

A graphical model consists of:

X ={X4,...,X,} --variables
D={D:,...,D,} --domains

F:{fozla"'

and a combination operator

H “" 4
, fa,, } - functions or “factors

Typically either multiplication or summation; mostly equivalent:

/

\_

fa(Xa) >0

F(X)=]] fa(Xa)

\

J

Product of nonnegative factors

(probabilities, 0/1, etc.)

Dechter & Ihler

log / exp

ESSAI 2024

-

.

Oa(Xa) =log fo(Xa) €R

9(X) = log F(x) = 3 ba(Xa)

~

j

Sum of factors
(costs, utilities, etc.)

21



|Graphical visualization
|

A graphical model consists of:
X ={X4,...,X,} --variables
D={D:,...,D,} --domains
F={fa, ..., fa,} - functionsor “factors”

Primal graph:
variables «<— nodes
factors <= cliques

p(A,B,C,D,F,G) =f1(A,B,D) - fo(D, F,G)
) f3(B707 F) ) f4(A7 C)

Dechter & Ihler ESSAI 2024 22



|Outline
|

Graphical Models
Inference Tasks
Variable Elimination
Tree Decomposition
Variable Orderings

Learning from Data

Dechter & Ihler ESSAI 2024
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[ Inference

I
Enable us to answer queries about our model

- Some probabilities are directly accessible
- Some are only implicit, and require computation

p(B=1) = .001
Explicitly in model parameters
(p(A=1) = 2 )
Implicit only: S B
p(A=1|E=0,B=0) p(E=0) p(B=0) + ' 3

_ P(A=1|E=1,B=0) p(E=1) p(B=0) + ...

0 0.01

rp(w=1) — ? \ 1 0.70
Implicit:

p(W=1|A=0) p(A=0) + p(W=1]|A=1) p(A=1)
9 p(A) =? (may need to compute recursively!)J

Dechter & Ihler ESSAI 2024 24



' Types of queries

Ex: Robot position over time "

Y, : robot location at time t

\___ _

X (9 G (w9

X; : hoisy observations

' Summation Query (marginal probailitiies, probability of evidence): h
p(Yon xt X Z Zp Y;7xt7yt 1y )
—1

\ What do my model and observat/ons tell me about my uncertainty?

 Maximization Query (MAP: maximum a posteriori estmation): )
y* — arg Imax p(yt7 Lty Yt—1,- - - 7370)
Y0,--1Yt

\ What is the most probable value of the unobserved variables? y

Dechter & Ihler ESSAI 2024
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| Causal Bayesian networks
|

Typical BNs capture conditional independence
May not correspond to causation; but if so:

( Causal Effect Query (“Intervention”): )
p(W|do(K = 1))

\ What is the probability when we intervene to turn on the sprinkler? )

P(S) P(S)
P(K]S) 1 \ (R[S) do(K=1) \| P(R|S)

P(W|KR)

0 0 P(WIKS) P(W]K,S)
01 0.2 0.8

110

0.1 0.9

11 0.01 0.99
Dechter & Ihler ESSAI 2024 26




[ Influence diagrams

| Random variables, plus actions (policy) and utilities (outcome values)

Maximum Expected Utility Query: A

What actions should | take in a given situation?
kWhan‘ is the expected value of my policy over the actions?

Y,
The “oil wildcatter” problem: .
P Chance variables: X = x1,...,Z,
Test, —> . . .
Decision variables: D = dy,...d,,
f CPDs for chance variables: P; = P(ilffi!:ilifpa, ),
Result Drlll Produced - » Policy

Reward components: 7" = {'1-~«7‘J‘}

'/ Utility function: "?-l-(X) = Zl 71'2.7(X)

e.g., [Raiffa 1968; Shachter 1986]

Dechter & Ihler ESSAI 2024 27



|Structural Causal Models

Deterministic mechanisms involving (random) underlying causes

(Unobservable random variables: {A} )
. A CBO
Observable variables: {B,C} \ /
Deterministic mechanism: =—p C ={f(A,B)
L <D )
Ex: Sprinkler
‘M{’\ pP(S): season a function of (unobserved) month

P(K|S): sprinkler on due to watering schedule:
randomness in K due to (unobserved) day of week

P(R|S) caused by humidity and temperature

P(W|R,K) also caused by humidity and temperature
(effects of evaporation, etc.)

Dechter & Ihler ESSAI 2024 28



|Structural Causal Models

Deterministic mechanisms involving (random) underlying causes

[ Counterfactual Query:

Probability of an event in contradiction with the observations
kWhan‘ would have happened if the sprinkler had been turned off? y

Requires that we transfer information about random
outcomes that happened, to a different setting

Ex: Sprinkler

Observe the sprinkler is on & grass is wet: (K=1,W=1)

Month)_
@ What is the probability it would still be wet if we had turned
/ \ the sprinkler off?

Observing K=1 tells us it is more likely to be summer;
Observing K=1,W=1 tells us it is not too hot & dry.

Then, apply this knowledge to compute the counterfactual:

pP(Wk=o| K =1, W =1)

Dechter & Ihler ESSAI 2024 29



| Why graphical models?
|

Combine domain knowledge with learning and data
- Domain knowledge

— Problem structure: potential causation or interactions
— Model parameters: known dependency mechanisms, probabilities

- Learning and data
— ldentify (in)dependence from data
— Estimate model parameters to explain observations

- Scalable and Composable
— Models over large systems may be composed of smaller parts
— Efficient representation allows learning from relatively few data



|Ex: Medical diagnosis
|

Gallst

Fat intolerance

Hypeilipidemnia

Seum amylase 2
Dishetes

Upper
abdominal
pain
History of Palpable
surgery galbladder @
Pressure in
the RUQ Fistory of
@ lcohol abuse sugar
History of Chaledochalithiotomy Hepalotoric w
hospitalization medications: Abnormal
carbohydrate
; rmetabiolism
Liver disorder

Blood
transfusion

Presence of - :
antibodies to History of viral
HBs4gin blood hepatitis

Queries:

* Prediction

e Diagnosis, explanation

* Situation assessment

* Planning, decision making
e Counterfactual reasoning

Dupuytien's
contracture
Fresence of
- antibodies to
resence of HDY in blood
antibodies
Presence

Presence of
hepatitis B
surface antigen toHBcAg in
KEDIOK of hepatitis blood

B antigen D
in blowd Total biubin

Itching in
pregnancy,
Jaundice in
pregnancy Antinitochondrial
antibodies

lusculo-skeletal flotaposins
Jaundice pain
k
sl Smooth muscle
antibodies
@ @ Garmma globulin
Beta globuiin

Alechol
intolerance:
Hepatomegaly
@ Enlaiged Hepatalaia
spleen
Hepatic
encephalopathy

: Alpha Impaired
resistances fetoprotein, consciousness

Intermational
normalized ratio
N.of prothrombin

) s

Increased
liver density

Irregular
liver edge.
Irregular
liver
Haemorhagie Skin
diathesis erythemic

eruptions

Antinuclear
anlibodies
Alphal Weight
Joint AllngaIZ globulin aain
i glabulin
= @ 'sscular Minute
» spiders haemorthagie

spot

Dechter & Ihler ESSAI 2024

Automated Reasoning:

Diagnosing liver disease [Onisko et al., 1999]

* Develop methods to answer these questions
* Learning models from experts and data

32



Ex: Model composability

Large models may be defined by many repeated, interrelated structures

rIndividual’s genotype
R
(K2

determines phenotype

(Each parent \

L

passes one gene copy

k to their child )
\

Gene position
correlates

which copy is
inherited over
several genes




| Domains for graphical models

Natural Language processing

— Information extraction, semantic parsing, translation, topic models, ...

Computer vision
— Object recognition, scene analysis, segmentation, tracking, ...

Computational biology
— Pedigree analysis, protein folding and binding, sequence matching, ...

Networks

— Webpage link analysis, social networks, communications, citations, ....

Robotics
— Planning & decision making



| Books on Graphical Models & Causality
|

MODELING AND REASONING
with
BAYESIAN NETWORKS

PROBABILISTIC REASONING
IN INTELLIGENT SYSTEMS:

Networks of Plausible Inference

Dechter & Ihler

Adnan Darwiche

Graphical
Models

JUDEA PEARL
CA SALI I l WINNER OF THE TURING AWARD
AND DANA MACKENZIE

" SECONDEDITION  \ THE
BOOK OF
X -,
~— MODELS, REASONING, > e
AND INFERENCE

THE NEW SCIENCE
OF CAUSE AND EFFECT

JUDEA PEARL

(intervention & counterfactuals)

ESSAI 2024

Reasoning with Probabslistic
and Deterministic

Poant Alovevban

/ | “
| oo
¢ 0666

CAUSAL INFERENCE
IN STATISTICS

A Primer

Judea Pearl
Madelyn Glymour
Nicholas P. Jewell

=
'@ WILEY

35



|Outline of Lectures
|

Class 1: Introduction & Inference

Class 2: Bounds & Variational Methods

Class 3: Search Methods

Dechter & Ihler

Class 4: Monte Carlo Methods

ESSAI 2024

Class 5: Causal Reasoning




|Outline
|

Graphical Models
Inference Tasks
Variable Elimination
Tree Decomposition
Variable Orderings

Learning from Data

Dechter & Ihler ESSAI 2024
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[ Inference
|

Take information (model, observations)
— Implicitly defines a joint / conditional joint distribution

Inference: what does that information mean?

—~ How do other probabilities change? (Conditional) marginals

— How likely was our observation? probabiiity of evidence

— Predict the value of the other variables? e/ vap estimates

Tasks
“summation” Z = Z H fa(Za) p(Xi =z;) = z~ Z H fa(Za)
“maximization” ¥ = arg mf,XH fa(za) ff=r=") = max H fa(za)

Dechter & Ihler ESSAI 2024 38



|A simple example
| Suppose we have two factors: J(X) = f12(X1, X2) f23(X2, X5)

To compute the partition function (sum):
Z = Z f(xlﬁa:z?x?)):f(07070)+f(07071)+f(07072)+f(07]-70)+
B + £(1,0,0) + £(1,0,1) + £(1,0,2) + f£(1,1,0) +. ..

— Use the factorization of f(x):
Z = f12(0,0) f23(0,0) + f12(0,0) f23(0,1) 4 f12(0,0) f23(0,2) + f12(0,1) f23(1,0) + ...

+ f12(1,0) f23(0,0) + f12(1,0) f23(0,1) + f12(1,0) f23(0,2) + fi2(1,1) f25(1,0) + ...

and apply the distributive rule:
= f12(0,0) (f23(0, 0) + f23(0,1) + fa3(0, 2)) + f12(0,1) (f23(1, 0) + ...

+ f12(1,0) (f23(0,0) + f23(0,1) + f23(0, 2)) + f12(1,1) (fzg(l,()) +...

We can pre-compute and re-use these terms in the sum!

Az2) = (Zf23(£82,333)) Z =" fia(z1,72) A(22)

T1,T2

Dechter & Ihler ESSAI 2024 39



fi3

8-
'Variable Elimination f12¢%¢f34

IProduct of factors: . @ fD24
p(X1, X2, X3,X4) = qu(Xl,X2)f13(X1,X3)f24(X2,X4)f34(X3,X4)-

Compute:

Z = Sj Sj ;j Sj faa(zs3, T4) fa(x2, 24) f12(x1, 22) f13(T1, Z3),

T4 3 i) 1

Collect terms involving x4, then x,, and so on:

Z=Y Y faul(xs,xs) Y  foa(wa,24) Y fra(w1,22) frs(z1, 23),

“Bucket elimination”:

A1(za, T3) Z fi2(x1, x2) f13(x1, T3), Collect all factors with x4 in a “bucket”
)\2(;1;3, ;1;4 — Zf24 x27x4))\1(x2’x3)7 Collect all remaining factors with x,
T2
A3(xq) = Z faa(x3, x4)Na(T3,24), Place intermediate calculations in

bucket of their earliest argument

Z =Y Xs(zs),

T
Dechter & Ihler 4 ESSAI 2024 40



| Combination of factors
|

A | B | f(AB)
b |Db 0.4
b|lg 0.1
gl|b 0
g9 0.5

Dechter & Ihler

O

A| B | C| f(ABC)
b | b | b 0.1

b b | g 0

b | g b 0

b | g g 0.08

g b b 0

g | bjg 0

gl g | b 0

gl 9|9 0.4

ESSAI 2024

B| C | f(B,C)
b| b 0.2

b| g 0

gl b 0

g |9 0.8

=0.1 x0.8

41



|Elimination in a factor
|

A B f(AB)
4
b|lg 6
b|r 1
g|b 2
g9 6
gl r 3
r|b 1
r|(g 1
rl|r 6

Dechter & Ihler

J .

> Elim = sum

Elim(f,B)

11

b
g 4=

11

r

8

ESSAI 2024

\

Elim(g,A)

hg

g e

42



|Belief updating @
|

- p(X | Evidence) =7?

— Z p(A)p(b|A) p(c|A) p d‘b A) p(

e,d,c,b
“primal” graph \

Zzzpcm e=0]> p(b|A)p p(e|b, c)
v\\\/ >\B_>c c,e) ”

Variable Elimination

Dechter & Ihler ESSAI 2024 44
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|Bucket elimination @

| Algorithm BE-bel [Dechter 1996]

p(AIE =0)=a Y p(A)p(b|A)p(c|A) p(d|A,b) p(elb,c) L[e = O]

e,d,c,b

Z H «— Elimination & combination
b —  Operators

bucket B: ~ p(b|4) p(dlb, A) plelb, c)

bucket C: p(clA)  Apoc(A,d,c,e)

\/ ——
bucket D: /\C%D(?dj e) \
bucket E: 1[E = 0] Ap_r(A,e)
\/ W*=4

bucket A: p(A) Az (A) “induced width”

(max clique size)
/// p(E =0)

P(A|E =0) =p(A, E=0)/p(E =0)

Dechter & Ihler ESSAI 2024 45




|Bucket elimination @

| Algorithm BE-bel [Dechter 1996]

P(AIE =0)=a >  p(A)p(b|A)p(c|A) p(d| A, b) ple|b, ) Le = 0]
e,d,c,b
Z H «— Elimination & combination

b_al . Operators

Ime and space exponential in the
induced-width / treewidth

-

bucKet A: p(A) AE—}A(A) T IUU\J\IJU V\IIUILII \ I
(max clique size)

z/// p(E =0)

P(AE =0) =p(A, E=0)/p(E =0)




|Variable elimination in trees

I (Use distributive rule to calculate efficiently:)

max f1a4 fos faa fas
L1...5

= max fos f34 f45[maxf14]
To...T5 1
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|Variable elimination in trees

I (Use distributive rule to calculate efficiently:)

max f1a4 fos faa fas
L1...5

= max fos f34 f45[maxf14]
ro2...I5

= xrglaX f34 fa5 g1(24) [H;;%X f25]

Dechter & Ihler ESSAI 2024
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|Variable elimination in trees

I (Use distributive rule to calculate efficiently:)

max f1a4 fos faa fas
L1...5

= max fa5 f34 f45[maxf14]
LEQ XI5

T nan f3a fa5 g1(24) [I%%Xf%] g1 ($4) l @ 192(5%)

L3

= max fa5 g1(24) g2(v5) [ max faa] @ @
ra...T5 rs
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|Variable elimination in trees

I (Use distributive rule to calculate efficiently:)

max fi4 fos f3a4 fas
L1...5

= max fos f34 f45[maxf14]
ro2...I5

= max fa fu g1(24) [II;;;X fos)

L3

= max fas g1(24) g2(25) | max fa]
X4...T5 3

— Hglnagx gz(w5) [HQISJX]C45 91(564) 93(564)]

Dechter & Ihler

ESSAI 2024
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|Variable elimination in trees

I (Use distributive rule to calculate efficiently:)

max f1a4 fos faa fas
L1...5

= max fo5 f34 f45[maxf14]

= max faq fas g1(x4) [rr;;%x fas]
= max fas 91(4) g2(x5) {H}Ua;x f4] _>@

— max ga(as) [max fis g1(24) ga(o)] 94(23)

= max g2(z5) ga(ws)

T l92(335)

For trees:
Efficient elimination order (leaves to root);
computational complexity same as model size

Dechter & Ihler ESSAI 2024



| Induced Width

Width is the max number of parents in the ordered graph

Induced-width is the width of the induced ordered graph: recursively
connecting parents going from last node to first.

Induced-width w*(d) is the max induced-width over all nodes in ordering d
Induced-width of a graph, w* is the min w*(d) over all orderings d

(A) ON ®

(© )

) - ©

, ® ®

© © ® ®
primal graph w*(dy) =4 w*(dg) = 2
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| Complexity of Bucket Elimination
|

Bucket-Elimination is time and space

O ( rexp(w;y) )
w:‘i . the induced width of the primal graph along ordering d
r = number of functions The effect of the ordering:

@ G

primal graph w* (dl) — 4 ’w*(dz) — 9

Finding smallest induced-width is hard!
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| Types of queries
|

Max-Inference: f(z") = max H falza)
Sum-Inference: /= falza)
(e.g., causal effects) ; ]'a_‘[ e
Mixed-Inference (MMAP): Sy () = max Z H falza)
(optimal prediction) TM 75 o
Mixed-Inference (MEU): MEU = max Z H FP;) Z
(e.g., decisions & planning) D1;...;Dm
) ..Xn PeP rieR

- NP-hard: exponentially many terms
- Difficulty (in part) due to restricted elimination orderings

- We will focus on approximation algorithms
— Anytime: very fast & very approximate — Slower & more accurate

Dechter & Ihler ESSAI 2024
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‘ Finding MPE/MAP

s B @ba) - p(d|b, a) - p(e|b, c)
@/‘@ MPE = max p(a)p(c|a)p(b
"%

a,e,d,c,b
Imax H
bucket B: p(bla) p(d|b, a) p(elb, c) @
N
bucket C: p(cla) Apoc(a,d, e e) (C)
\/ v
bucket D: Mc—spla,d,e)

bucket E: 1le=0] Ap_~g(a,e)

\ / W*=4

bucket A p(a)  Amsala)  “induced width” A
~ (max clique size)
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Generating the optimal assighment

I
- Given BE messages, select optimum config in reverse order

b* = arg max p(bla™) p(d*[b,a”) p(e*|b, ") B: tp(b\a) p(d|b,a) p(elb,c)
\
¢’ = argmax p(cla™) Apc(a™, c,d”, e”) C: lp(c\a) Ap—cla,c,d e)
d* = arg max Ao—p(a™,d,e”) D: Ao—pla,d,e)
| !
e” = argmax lle=0]Apoe(a™,e) E: 1le=0] Apg(ae)
l
a® = argmax p(a) - Ap—a(a) A: lp(a) )\E—>A(a)l

&

OPT = optimal value

*****
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|Outline
|

Graphical Models
Inference Tasks
Variable Elimination
Tree Decompositions
Variable Orderings

Learning from Data

Dechter & Ihler ESSAI 2024
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‘ Bucket Tree Elimination

P(AIE =0)=a ) p(A)p(dlA) p(c|A) p(d|A,b) pelb, ¢) Lle = 0]

e,d,c,b View elimination
as messages on
£ p(E|B, C)]l[E' _ 0] a bucket tree B.C.E
p(D|A, N A.B.D (B,C} \)\E

C: | p(Cl4) Ag(B,C) {A’B}\AD b

— N {/y
B: Ap(A,B) p(BlA) Ac(4,B) B Boe
A:  p(A) \g(A) A

Can pass messages both ways:
p(C|E = 0) x p(C|A) Ap(B,C) m-c(A, B)
me—c(A,B) = Ap(A,B) p(B|A) ma-B(A)
ma—B(A) = p(A)
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From Buckets to Clusters

- Merge non-maximal buckets into maximal clusters.

- Connect clusters into a tree: each cluster to one with which it
shares a largest subset of variables.

- Separators are variable- intersection on adjacent clusters.

Ti 5
(A) ?f\/k@ (B) Time exp(3) I\/:gqrﬁoer);pe(x;))ﬁ)
? Memory exp(2)
(GF ) 1 Car) ©)

F

F
B,C A.B B.C F
[A,B,C,D,F}

A super-bucket-tree is an i-map of the Bayesian network
ESSAI 2024
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'The General Tree-Decomposition
|

; BDEF ;

FHK

Inference algorithm:

Time: exp(tree-width)
Space: exp(tree-width) treewidth=4-1=3
treewidth = (maximum cluster size) - 1
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Cluster-Tree Elimination (CTE), or
Join-tree message-passing

1| ABC

L s ®e)=Y pla)-pbla)- p(c|a,b)
BC
h(2,1)(b7c) = Z p(d|b) p(f| Cad)'h@,z)(baf)
d.f
2| BCDF
h(2,3)(b=f) = Z p(d|b) - p(f] Cad)’h(l,z)(bac)
BF c,
h(s,z)(baf) = z p(e] baf)’h(4,3) (e, f)
3| BEF
h(3,4)(e>f) = Z p(e] baf)'h(2,3)(b>f)
EF b
CTE is exact

Time: O (exp(w+1) ) T h(4,3)(e,f):p(G:ge le, [)
Space: O (exp(sep)) 4| EFG

Dechter & Ihler FOr eacpssglz%zszlter P(Xle) 1S ComPUtedv alSO P(ee)l



‘ Examples of (Join)-Trees Construction

—-—

Q
®
@ ®
ON ©
®' ®
®
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| Tree and Hypertree Decompositions
|

A tree decomposition for a belief network BN =< X,D,G,P >isa [ ABC ]

triple< 7, 7, >, where T = (V,E)is a tree and y and y are labeling 2 (@), p(bla), p(cia,b)
functions, associating with each vertex v € V' two sets, y(v) < X and BC
w(v) < P satisfying :

. . BCDF
1. For each function p, € P there is exactly one vertex such that { p(db), p(fic,d) ]

p, € w(v)and scope(p, ) < x(v)
{ 2.For each variable X, € X theset{veV|X. € y(v)}formsa ] BF

connected subtree (running intersection property)

Connectedness, or

Running intersection property

BEF ]
p(elb,f)

EF
[ EFG ]
pglef)

Tree decomposition

Treewidth (w) =3
Hyper tree-width (hw) =2
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|Outline
|

Graphical Models
Inference Tasks
Variable Elimination
Tree Decompositions
Variable Orderings

Learning from Data
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'Variable ordering heuristics
|

- What makes a good order?
— Low induced width
— Elimination creates a function over neighbors

- Finding the best order is hard (NP-complete!)
— But we can do well with simple heuristics
°*  Min-induced-width, Min-Fill, ...
— Anytime algorithms

* Search-based [Gogate & Dechter 2003]
*  Stochastic (CVO) [Kask, Gelfand & Dechter 2010]

Primal graph

combine &

eliminate
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'Variable ordering heuristics
| Min (induced) width heuristic

fori=1ton (# of variables)
Select a node X; with smallest degree as next eliminated

Connect Xi’'s neighbors:
E=E+{(X;,Xx): (X;,X; ) and (X;,Xy) in E }
Remove X; from the graph: V =V —{X;}
end

A i

(“Weighted” version: weight edges by domain size)

Primal graph

combine &

eliminate
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'Variable ordering heuristics
| Min fill heuristic

fori=1ton (# of variables)
Select a node X; with smallest “fill edges” as next eliminated

Connect Xi’'s neighbors:
E=E+{(X;, Xx): (X;, Xj) and (X;, X) in E }
Remove X; from the graph: V =V —{X;}
end

o kwbd =

(“Weighted” version: weight edges by domain size)

Primal graph

combine &

eliminate

Dechter & Ihler ESSAI 2024



| Min-Fill Heuristic
|

Select the variable that creates the fewest “fill-in” edges

Eliminate B next? Eliminate E next?
Connect neighbors , Neighbors already connected
“Fill-in” = 3: “Fill-in” = 0
(A.D), (C.E), (D, ® ©
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|Outline
|

Graphical Models
Inference Tasks
Variable Elimination
Tree Decompositions

Variable Orderings

Learning from Data
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|Learning Bayesian networks
|

P(S)

- Known graph? learn parameters: pgs

Complete data

parameter estimation (ML, MAP, ...)
Incomplete data

parameter optimization (gradient, EM, ...)

P(BIS)

P(X|C,S)

P(D|C,B)

- Unknown graph? learn graph and parameters

Complete data
search over graphs
(score-based, constraint-based)
Incomplete data
iterative optimization &
search (structural EM, etc.)
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Learning Bayesian networks

- Maximum Likelihood estimation

— Select model that makes the data most probable

- For discrete X; & no shared parameters
— ML estimates are empirical probabilities

Observed Data

Dechter & Ihler

= | = R, O OOl O o

I—*I—*OOI—*I—*O*

HOI—*OI—*OOC\

Known

Graph

Unknown

Data
Missing Complete

B—
v

0

2/5

1

2/3
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| Learning with missing data

- Latent / hidden variables
— Value is never observed
— No unigue model (e.g., symmetry)
— No closed form solution; iterative ML

- More general missing values?

— May depend on the reason for missingness!

0

2/5

1

Observed Data

2/3

~J
= = O Ol = = | OO
= O, O R O 0O O
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Graph

Known Unknown

Data
Missing Complete

3/8

0 1/5
1 2/3
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| Learning with missing data
|

Non-decomposable marginal likelihood (hidden nodes)

Initial parameters

7
Current model

(G, 0)

Expectation
Inference:
P(S5|X=0,D=1,C=0,B=1)

Maximization

Update parameters
(ML, MAP)

EM-algorithm:
iterate until convergence

-~ Data ™




J Summary
Graphical Models
Inference Tasks
Variable Elimination
Tree Decomposition
Variable Orderings

Learning from Data
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|Outline of Lectures
|

Class 1: Introduction & Inference

Class 2: Bounds & Variational Methods

Class 3: Search Methods

Dechter & Ihler

Class 4: Monte Carlo Methods

ESSAI 2024

Class 5: Causal Reasoning




|Summary
|

- Formalisms for describing probabilistic & causal models
— Bayesian networks, Influence Diagrams, Structural Causal Models

- Reasoning & Inference Queries

- Exact inference

— Bucket elimination: time & memory exponential in the induced
width.

— Tree decomposition: organize computation into message-passing

— Finding optimal induced width is hard, but greedy schemes work
well

— Inference task may restrict elimination orderings & increase width

- Learning from Data
—  Maximum likelihood learning
— Easy case: match empirical statistics of the data



